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In this Letter we analyze the (im)possibility of the exact cloning of orthogonal three-qubit CAT 
states under local operation and classical communication(LOCC) with the help of a restricted en- 
tangled state. We also classify the three-qubit CAT states that can(not) be cloned under LOCC 
restrictions and extend the results to the n-qubit case. 
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Quantum cloning and quantum state distinguishability arc two important and closely related areas in quantum 
information theory. The no cloning theorem [1| says that only orthogonal quantum states can be cloned perfectly in 
principle and only when the required operations are performed on the entire system. But if we restrict ourselves to 
| LOCC(Local Operation and Classical Communication) then further restrictions on cloning apply. For example, the 
very obvious first restriction will be that an entangled blank state is needed to clone an entangled state. The LOCC 
cloning of entangled states was first introduced by Ghosh et al. Q where it was shown that any two orthogonal two 
qubit maximally entangled states can be cloned under LOCC with the help of one ebit of entanglement. However, 
there exist two orthogonal two qubit non-maximal entangled states which can not be cloned under LOCC with the 
help of one(or less) ebit of entanglement [!, H|. So the relation between amount of entanglement present in the 
unknown states and possibility of cloning of those entangled states under LOCC is not simple as sometimes LOCC 
cloning of two qubit less entangled states of a particular type is not possible with any two qubit entangled state 
as a blank copy. Thus the study of LOCC cloning of orthogonal entangled states becomes interesting when the 
ensemble states are not maximal. This study is also important because LOCC cloning is very closely connected with 
, many important information processing tasks, such as channel copying, quantum key distribution, error correction, 
■ entanglement distillation and is also helpful in understanding the nonlocality of a set of states p, @. Most work 
^\ ' in this area is for bipartite (maximally and nonmaximally) entangled states [HE 0~G3- Although some results 
are known for local copying of a set of orthogonal three qubit maximally entangled states [llj, no result is known 
for non- maximally entangled states. We, in this letter concentrate on LOCC cloning of orthogonal CAT states flt| . 

We organize our paper as follows: in section II, we prove that no set of orthogonal three qubit CAT states can 
be cloned by LOCC with the help of any three qubit CAT state having the same amount of entanglement in the 
blank copy. We also prove that the cloning remains impossible for the set of states having a pair of kind @ even if 
we supply any three qubit state as a blank copy. In section III, we extend the result to n-qubits and identify the 
class for which LOCC cloning is possible with the help of a GHZ state. The possibility of LOCC cloning of a pair of 
orthogonal n-qubit GHZ state is also discussed. 



o 



II. CLONING OF THREE QUBIT CAT STATES 



The full orthogonal canonical set of three qubit CAT states can be written as (up to a global phase): 

|*p,i, J (a)) 123 = (cosa) 1 - p (sinaf \0 i j) + (-1)* (cos a)" (sina) 1 ^ \ (1) 

where < a < | and p,i,j € {0,1}, also the bar over a bit value indicates its logical negation. For a — 7r/4, or 
a = the state | #p,i,j (a)) 123 (given in ([1])) represents a three qubit GHZ, or a product state respectively. 

From a recent result [101 ] on local cloning of bipartite entangled states one can say that the necessary condition for 
LOCC cloning of a set of pure n-qubit entangled states with the help of a known n-qubit pure entangled state is that 
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all states belonging to this set must have equal entanglement. This is due to the fact that, if the LOCC cloning of 
n-partite states is impossible with n — 1 cooperating parties, it remains impossible with n independent parties. So 
for LOCC cloning we always consider a set which contains states with equal entanglement. 

By appropriate basis transformation any pair of the above (CAT)states can be reduced either to the form: 

I 

I *oij(Q!))i23=cosa| i j) + sma\ 1 i j) 

I *iij(a))i23=sina| i j) - cosa| 1 i j) (2) 

where, < a < | and i,j € {0, 1}. 

or to the form:, 

II 

|*0ij(a))i23 = cos a | i j) + sina| 1 i j) 

\^oki(a))i23 = cosa| k I) +sina:| 1 k I) (3) 

where, < a < j; i, j, k, I g {0, 1} and 7^ (k, I). It needs to be very clear that every pair of states can only be 
reduced in one of the forms not both. 

Theorem 1. No set TP\ l of orthogonal three qubit CAT states/i6/ can be cloned by LOCC with the help of a three 
qubit CAT state having the same amount of entanglement. 

Proof. Without loss of generality we take our blank copy to be of the form |>f oij (a)) 123 = cosa|0 i j) + sina| 1 i j) 
(where, < a < 7r/4). Now any set (set containing more than one state) of orthogonal three qubit CAT states 
contains at least one of the pair (either pair(I) or pair(II)). A necessary condition for cloning of a three qubit state 
under the usual LOCC (where each of the three qubits of the state is independently manipulated) would be that: 
"The states should remain copyable when two of the three qubits are operated on jointly at one place whereas 
the third qubit undergoes a separate local operation at a different place and there can be classical communication 
between these two places" . 

Case-I: The first qubit is kept in lab-A and the remaining two qubits are kept together in a different lab(lab-B). Under 
this arrangement, any given pair of kind (I), for a proper choice of basis, can be written in the following bipartite form: 



\^0ij(oi))AB = cosa| 0) A \ 0)b + sina| l) B 

\^iij{a)) AB = sina|0) A |0) s -cosa|l) A |l> B (4) 
and the corresponding blank state reduces to the form: 

\^oij{a))AB = cosa|0)A|0) s + sma| 1)b 
(The subscripts A and B indicates the laboratories occupying the qubits and < a < 7r/4.) 

To examine the LOCC cloning in this case we follow the same procedure as in 3]. Wc assume the existence of a 
doner which, by LOCC between labs A & B, can clone a pair oij (&)} ab and \^>uj(a)}AB given a known three 
qubit CAT state (\^Qij(a)) ab) with the same amount of entanglement supplied to it as blank copy. If we now supply 
to the doner an equal mixture of \^oij(a)) ab and \^uj(ct))AB together with the blank copy \^aij(o:)) ab , i.e. if the 
input state to this LOCC-cloner is: 

Pin = ^P[\^oij(a)) A B ® \®oij(a))AB] + ^P[\^uj(a)) AB <g) \^ ij(a)) A B}, 

then the output of the doner will be 

Pout = ^P[\^Q t j{a))AB ® \^oij(a))AB] + ^P[\^uj(a)) A B <8> \^iij(a)) A B} 
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FIG. 1: (Color online) Red line: Plot of negativity of the output state (N(p ut)); Blue line: Plot of negativity of input state 
(N(pi n )). Negativity of the output is more than that of the input except for the GHZ case (i.e. a — ?) in a given bipartite 
cut. For a large range of a the negativity of the output state is more than 1. 



Here P[ . ] stands for projector. 

To show impossibility of LOCC-cloning of these states, we make use of the fact that Negativity of a bipartite 
quantum state p, namely N(p), cannot increase under LOCC 12]. N(p) is given by [l3[ 

N(p) = \\p TB \\-l (5) 
where p Ts is the partial transpose with respect to system B and ||...|| denotes the trace norm which is defined as, 



IIp Tb II=Wp t V b ) (6) 

The negativity of the input state pi n is 

N(pi n ) = sin 2a 

whereas the negativity of the output is 

N(pout) = sin 2a (sin 2a + 2 cos 2a) 
One can easily check that N(p in ) < N(p out ) as, 

1 < sin 2a + 2 cos 2a for all < a < 7r/4 
sin 2a < sin 2a (sin 2a + 2 cos 2a). 

Hence the above cloning is impossible. 

For a large range of a (5 sm_1 ("^|) < a < f)i the negativity of the output state N(p out ) = 
sin 2a (sin2cv + 2 cos 2a) > 1 (see Fig. [I}. This implies that even a three qubit GHZ state (the negativity of 
a three qubit GHZ state is 1 in any bipartition) cannot help as a blank copy for those values of a, if the set of 
states contain the pair (I). In the next theorem we prove that LOCC cloning of a set of three qubit CAT states for 
< a < f , and with the help of any three qubit state as a blank copy, is impossible if the set contains a pair of type (I) . 

Case-II: If the set contains a pair of type (II), then we can always find a bi-partition for a proper choice of basis 
such that the pair of type (II) is reduced to the form: 



\^>0ij(a)) AB = cosa| 0) A \ 0) B + sina| 1) B 
*oh(«))ab = cosa| 0) A \ 1) b + sina| 1) A \ 0) B 



(7) 



4 



Negativity 
1.0 



0.8 - 



0.6 - 



0.4 - 



0.2 - 




FIG. 2: (Color online) Red line: Plot of negativity of the output state (N(p ut))- Blue line: Plot of negativity of the input 
state (N(pi n )). Negativity of output is more than that of the input except for the GHZ case (i.e. a — ~) in a given bipartition. 



and the corresponding blank state reduces to the form: 



|*0ij(a)>AB = cosq;|0)a|0) b + sina| 1)b, 



where, < a < 7r/4. 



Let us assume that our cloning machine can clone \^oij( a )) ab and | ^ om{oi)) ab if a pure three qubit CAT state 
\^0ij( a )) ab is used as a blank copy. So if the density matrix supplied to this machine is 

Pin = \P[\^0iM))AB ® \^0ij(a)) A B] + \p[\ *0Ai(a)>AB ® |*0 l j(a)>AB], 

then the output of the cloning machine is 

Pout = lP[\¥oij(a))AB ® |*Wj(a)>AB] + ^P[| *ow(«))ab ® I *ofci(a)>As] 
Putting |5 , oij(o ; )) J 4B and | ^oki(c^)) ab in the expression for pi n and p ou t and making use of Eqs. ([5]) and ([5]), we 



get 



iV(p,„) = sin 2a 



N(p out ) = J sin 2 2a (2 - sin 2 2a) 
It is easy to check that N(p in ) < N(p out ) as, 



sin 4 2a < sin 2 2a for all < a < it /A 
sin 2 2a < sin 2 2a (2 - sin 2 2a). 

Hence, the above cloning is impossible as it implies N{p out ) > N{pi n ) (see Fig. [5]). 



□ 



In the next section we see that LOCC cloning of pair (II) is possible if we use a GHZ state as blank. 
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Theorem 2. No set of orthogonal three qubit CAT states can be cloned by LOCC with the help of any three qubit 
state, if the set contains the pair (I). 

Proof. One needs an entangled blank state to clone an entangled state otherwise, entanglement of the entire system 
will increase under LOCC, which is impossible. We know that any genuine tripartite entangled state can have 
entanglement either of the GHZ-kind or W-kind Hence our blank copy can either belong to the GHZ-class or 
belong to the W-class. Proof of this theorem follows immediately from lemmas (2.1), (2.2), and (2.3), stated below. 

Lemma 2.1. It is impossible to convert the bipartite state \ ip}{= cosa| 00) +sina| 11)) to the state \ <j)){= sina| 00) — 
cos a 1 11)) by applying an unitary operator on one subsystem only where < a < j. 

Proof. Without loss of generality we choose a general unitary operator acting only on the first subsystem. Then 
the unitary acting on the whole system will be U <8) I, where I is the 2x2 identity operator acting on the second 
subsystem. Let 

U®I\^) = \4>) (8) 

for some 2x2 unitary operator U acting on the first system. The general form of a 2 x 2 unitary matrix is 
U = ( a ^ ^ , where a, b, A are complex and \a\ 2 + \b\ 2 = 1 = |A|. 

If | tp) = {U ® I) \ (p) holds, then using simple algebra Q one can see that ((HI holds only when a = 7r/4, meaning that 
the above mentioned local convertibility is possible only when both | ip) and | (p) are maximally entangled. □ 

Lemma 2.2. LOCC cloning of any bipartite set of orthogonal states is impossible if the set contains both \ and 
| <p) with < a < f where 



| V>) = cosa| 00) + sina| 11) 

\<f>) = sina|00) -cosa| 11) (9) 

Proof. If the above cloning is impossible with a maximally entangled state as blank copy, then it is also impossible with 
the help of any non-maximally blank state, as a non-maximally entangled state can be produced from a maximal one 
by LOCC. It has been shown recently in that the necessary condition for LOCC cloning of a set of orthogonal 

bipartite non-maximally pure entangled states {| V'i)}^=o with the help of a maximally entangled state is 

\1> s ) = (u j ®i)\iM 

where the Uj are unitary operators acting on the first system of the bipartite system. Lemma 12.11 says that the pair 
(J9j) ({| (f>), | ip)}) can not be expressed e,s \ ip) — (C/<g)/)| <fi). Therefore, LOCC cloning of | ip) and | <p) is impossible. □ 

Lemma 2.3. Any three qubit state can have at most one ebit of entanglement in any bipartite cut. 

For the type (I) pair given in ([2]) , we can always find a bi-partition for a proper choice of basis such that the pair 
of type (I) will be reduced to the form (j4j, which is equivalent to pair ((9]) ({| <p), \ ip)}). Lemma l2~2l savs that LOCC 
cloning of the pair ((9|) ({| (j>), \ ip}}) is impossible with the help of a two-qubit entangled state as blank (one ebit or 
less). Lemma 12.31 demands that any three qubit state has at most one ebit of entanglement in any bipartite cut. 
Therefore LOCC cloning of the pair (I) given in ([2]) is impossible with the help of any three qubit state. □ 

LOCC cloning of 3-qubit orthogonal CAT states becomes trivial if there is no restriction on the supply of free 
entanglement, e.g., if parties '1 & 2' and parties '2 & 3' shared a sufficient number of Bell states then teleportation 
can be used to bring all the subsystem to the second party's lab and then to send back after cloning. If parties T & 
2' (or, '2 & 3') shared just one copy of Bell state then LOCC cloning of the pair ^ remains impossible as the supply 
of free entanglement in 1 vs. 23(or, 3 vs. 12) bipartite cut is one ebit which is not sufficient for pair ([2]). 
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III. CLONING OF n-QUBIT CAT STATES 

The full orthogonal canonical set of n(> 2)-qubit CAT states can be written as (up to a global phase): 

|*ii,i 2 ,i3, ,i„(a))i23....n = (cosa) 1_!1 (sina) n |0i 2 i3 in) + (— l)* 1 (cosa) n (sina) 1_n 1 1 i 2 13 43), (10) 

where < a < j and i\, i 2 , is, i n G {0, 1}, and the bar over a bit value indicates its logical negation. 

By appropriate basis transformation any pair of the above (CAT)states can be reduced either to the form: 

I 

I *0i2i3....»„( a )>i23 n = cosa\ i 2 h--i n ) + sin a 1 1 i 2 h in) 

I *ii2i3....»„( a )>i23 n = sina|0i 2 ? 3 i„) - cos a| 1 z 2 i 3 i n ) (H) 

where, < a < \ and i 2 , £3, «n € {0, 1}, 

or to the form: 

II 

I ^0i 2 i3 i„(a))i23....« = cosa|0i 2 i 3 i n ) + sm a| 1 i 2 h i n ) 

I *0j 2 j3....j„( Q; )>i23....r 1 = cosa|0j 2 j 3 j n ) + sin a I 1 j 2 j 3 jn) (12) 

where, < a < \ ; i 2 ,i 3 , i n >32>h, Jn € {0, 1} and (« 2 ,i 3 , .... ,i n ) ^ 0' 2 ,J3, ,in)- 

Theorem 3. iVo se< 0/ n(> 2)-qubit GAT-states can be cloned by LOCC with the help of a n-qubit GHZ-state if the 
set contains the pair (I) (given in ill]) ). 

Proof. Cloning of these states by LOCC implies cloning of them in any bipartition. Keeping this in mind we put the 
first qubit in lab- A and the remaining n — 1 qubit in lab-B. Under this arrangement, any given pair of type (I) (given 
in (fTTj) '). for a proper choice of basis, reduces to the form: 



I *0i 2 i 3 ....i, 1 ( Q! ))i23....n = cosa| 0)a| 0) s + sina| 1)a| 1)b 

\^u 2 i 3 ....i„( a ))i23....n = sina|Q)A|0)B-cosa|l)A|l)B, (13) 

which is equivalent to pair (|9]). Lemma 12.31 also holds for any n-qubit GHZ-state (i.e., n-qubit GHZ state has a 
maximum of one ebit of entanglement in any bipartite cut). Therefore, using Lemma 12.21 we conclude that LOCC 
cloning of pair (I) given in (|11[) . and with the help of any n-qubit GHZ state as blank, is impossible. □ 

Theorem 4. Any set (S(a), with < a < 7T/4J of orthogonal n(> 2)-qubit CAT states (having equal entanglement) 
can be cloned by LOCC with the help of a n-qubit GHZ-state if the set (S(a)) does not contain a pair of kind (I), 
where a is the entanglement parameter. 

Proof. To prove this theorem we demonstrate a protocol where such a LOCC cloning is possible with the help of 
a n-qubit GHZ-state. The protocol is similar to the protocol given by Kay and Ericsson [4|, which was used for 
LOCC cloning of a set of non- maximal bipartite states. It is easy to see that if the set (S(a), with < a < ?) 
of orthogonal n-qubit CAT-states (having equal entanglement) does not contain a pair of kind (I) then any state 
I ^i i2i 3 ----i n {a))i23....n € S(a) obeys the relation 

I *o,,, ;<> i 12.',....,. = (/ ® Pi 2 ® Pi 3 ® P ln )\ *ooo....o(a))i23....« 



1 

p i3 = ^ Vj + k mod 2 )( fc l 

fc=0 

where j — 2, 3, ...n, and i 2 , 13, i n € {0, 1}. 
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The maximum cardinality of such a set(5(a)) of non-maximally entangled orthogonal GHZ-states is 2™ 1 . So our 
goal is to perform the transformation under LOCC such that, 

I *i i2i 3 ----i„( a ))l23....n| *OOO....o(t/ 4 )) 123.. ..n ~> I *< W-*» (a))l23....n| *i iai 3 ....*n ("))l23....nj 

for all | ^ , j j 2 i 3 ....i„(Qi)}i23....n G S'(a), where | 5 , ooo....o(' r /4))i23....n is a n-qubit GHZ-state, which is our blank state. 
To fulfill the above task we first perform the transformation 

I ^i i 2 i 3 ....i n { a ))l23....n\ *OOO....o( 7r /4))l23....n I ® ioizis-An ("))l23....n| ^lowa .-in ( 7r /4))l23....n 

where | v t / i 0i2i3 .... l „(7r/4))i23....n = {I <S> Pj 2 <S> -P l3 (8 Pi n )| *ooo....o(7r/4))i23....n- This transformation can be realised 

if all n parties apply the CNOT operation on their respective qubit by taking the unknown original state's qubit as 
source and the qubit of the blank (GHZ) state as target. Now we convert the GHZ state to the corresponding CAT 
state. This is achieved by the first party applying the measurement operators 

M = cosa|0)(0| +sina|l)(l|, Ah = sina|0)(0| + cosa|l)(l|. 

If the first party gets the result k(= 0, 1), then all parties apply the unitary operation P}.. on their respective qubits. 
This completes the cloning protocol. □ 

This theorem is also true for a = 7r/4, i.e., for set of n-qubit GHZ states. 

Choudhary et al. [ll| give a protocol for LOCC cloning of a pair of maximal three qubit GHZ states. So the 
important question is whether a similar protocol exists for a given pair of n-qubit maximal GHZ states or not. 

Theorem 5. Any two orthogonal n(> 2)-qubit GHZ-states can be cloned by LOCC with the help of a GHZ state. 
Proof. With proper choice of basis transformation any pair of n(> 2)-qubit GHZ state can be reduced either to the form 



| *0 0....0)l33....n = -J=[|0 0....0) + |1 1 1....1}] 
I *1 0.... )l23....n = i[|0 0....0)-|l 1 

or to the form: 

II 

|*OOO....o)l23....n = -^=[|0 0....0) + |1 1 1....1)] 

| *0i 2 i 3 ....i„)l23....n = A=[\ 0i2«3-— in) + I 1*2 ^3— -«n}] 

where, i 2 , h, i n G {0, 1} and (ia, 13, , in) ^ (0, 0, , 0). 

Without loss of generality, we assume that our blank state will be | 5*0 0.... 0)123....™ = ^[| 0....0) + | 1 1 1....1)] 
for both cases. 

For pair (I), each the party applies CNOT operations to their respective qubits separately by taking the blank 
state's qubit as source and the original state's qubit as target to achieve the required cloning. In contrast, for pair 
(II), each of them (all the parties) will apply the CNOT operations by taking the unknown original state's qubit as 
source and blank state's qubit as target. □ 

Although any two orthogonal n-qubit GHZ states are LOCC cloneable, for every n, there always exists three 
orthogonal n-qubit GHZ states that, with the help of any n-qubit GHZ state as blank, cannot be cloned by LOCC. 

To show this impossibility we choose | V^ooo 0)123. ...n, | ^010 0)123. ...n an d I ^100 0)123. These three states are 

equivalent to the three Bell states if we choose the bipartition in such a way that the first qubit is kept in lab-A and 
the remaining n — 1 qubits are kept together in lab-B. Now as even 1 free ebit is not sufficient to clone three Bell states 
[3], [B| and as the maximum bipartite entanglement that a n-qubit GHZ state can have is one ebit, so we conclude that 
these n-qubit GHZ states, with the help of any n-qubit GHZ ancilla cannot be cloned by LOCC. 
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IV. DISCUSSION 



In this paper, we have discussed the problem of LOCC cloning of CAT states. No set of orthogonal three 
qubit CAT states can be cloned under LOCC with the help of a known CAT state having the same amount 
entanglement. The cloning remains impossible for the set of states having a pair of kind ([2J even if we supply 
any three qubit entangled state as a blank copy. But LOCC cloning is possible for a particular type of set 
(set does not contain a pair of kind (fTTj) ) of orthogonal CAT states (having the same amount of entanglement) 
with the help of a GHZ state. Any pair of n-qubit CAT states of type (fTTj) cannot be cloned with the help of 
a n-qubit GHZ state whereas any two n-qubit GHZ states can be cloned by LOCC with the aid of a known GHZ state. 
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